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PREFACE

Mathematics is such a vast and rapidly expanding field of study that there

'are inevitably many importaat and fascinating aspects of the subject which,

though within the grasp of 1.econdary school students, do not find a place in the

curriculum simply because of a lack of time.

Many classes and individual students, hownver, may find time to pursue

mathematical topics of special interest to them. This series of pamphlets,

whose production is sponsored by the School Mathematics Study Groupois designed

to make material for such study readi7y accessible in classroom quantity.

Some of the pamphlets deal with material found in the regular curriculum

but in a more extensive or intensive manner or from a novel point of view.

Others deal with topics not usually found at all in the standard curriculum.

It is hoped that these pamphlets will find use in classrooms in at least two

ways. Some of the pamphlets produced colad be used to extend the work done by

a class with a regular textbook but others could be used profitably when teachers

want to experiment with a treatment of a topic different from the treatment in the

regular text of the class. In all cases, the pamphlets are designed to promote

the enjoyment of studying mathematics.

Prepared under the supervision of the Panel on Supplementary Publications of the

School Mathematics Study Group:

Professor R. D. Anderson, Department of Mathematics, Louisiana State
University, Baton Rouge 3, Louisiana

Mr. Ronald J. Clark, Chairman, St. Paul's School, Concord, New Hampshire 03301
Dr. W. Eugene Ferguson, Newton High School, Newtonville, Massachusetts 02160
Mr. Thomas J. Hill, Montclair State College, Upper MOntelair, New Jersey

Mr. Karl S. Kalman, Room 711D, Office of the Supt. of Schools, Parkway at
21st, Philadelphia 36, Pennsylvania 19103

Professor Augusta Schurrer, Department of Mathematics, State College of Iowa,
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Chapter 1

INSSOIXICTION

The usual definition of the absolute value of the real nutber n is:

n, if n > 0
Ini

-n, if n < O.

This is also the form in which the absolute value is most commonly used. On

the other hand, since students seem to have difficulty with definitions of

thin kind, we prefer to define the absolute value of a nutber in such a way

that it can be clearly pictured on the nutber line. You must avoid at all

,costs allowing the student to think of absolute value as the number obtained

by "dropping the sign". This way of thinking about absolute value, although

it appears to give the correct "answer" when applied to specific numbers such

as -3 or 3, leads to no end of trouble when variables are involved. Other

less common names for absolute value are numerical value, magnitude, and

modulus.

By Observing that this "greater" of a nutber and its opposite is just the

distance between the nutber and 0 on the Real Number line, we are able to

interpret the absolute value "geometrically". In the Calculus, frequent use

is made of the notion "the maximum of".

The symbolism 113 _always denotes the positive number whose square is 2.

The negative number whose square is 2 is written -1.

Answers to Problem Set 1-la

1. (a) 7; the greater of -7 and 7 is 7.

(b) 3; the greater of -(-3) and its opposite -3 is -(-3) or 3.

(c) 6 - + 5 is another name for 7 and 7 is greater than its

opposite, -7.

(d) 0; by the multiplication property of 0, (14 x 0) is 0, and the

absolute value of 0 is O.

(e) 14; by the addition property of 0, (14 + 0) is 14, and 14 is

greater than its opposite, -14.

(f) 3; the opposite of the opposite of the opposite of 3 is simply

-3 and the opposite of -3, 3, is greater than -3,

1



2. (a) non-negative (e) non-negative

(b) non-negative (f) non-negative

(c) non-negative (g) non-negative

(d) negative

3. For the negative nuMber x, lx1 is greater than x since, for x

negative, lx1 is positive by problem 2(b). Since any negative number

is less than any positive nuMber x < lx1 for all negative x.

4. The set (-1, -2, 1, 2) is closed under the operation of taking the

absolute value of its elements. Taking the absolute value of each

element of tlx set,

1-11 7-" 1 1-21 tc 2 111 = 1 121 = 2,

we find that the set of absolute values of the numbers of the original

set to be (1, 2). Since (1, 2) is a subset of (-2, -1, 1, 2), this

latter set is closed under the operation of taking absolute values of its

elements.

5. Yes. It is a subset consisting of the non-negative reals.

1. (a) 1-71 < 3 or

(b) 1-21 < 1-31

(c) 141 < 111 or

Answers to Problem Set 1-lb

7

or

4

<

2

<

3.

<

1.

3.

False

True

False

(d) 2 4 1-31 or 2 3. False

(e) 1-51 121 or 5 4 7 2. True

(i) -3 < 1('. True

(g) -2 < 1-31 or -2 < 3. True

) 1171 > 1-41 or 4 > 4. False

(1) Li- = 4 or 22 . 4. True

(b), (e), (f), (g) and (0 are true.

2. (a) 121 + 131 = 2 + 3 . 5.

(b) 1-21 + 131 . 2 + 3 - 5.

(c) -(121 + 131) - -(2 + 3) -5.

(d) -(1-21 + 131) . -(2 + 3) .

(e) 1-71 - (7 - 5) = 7 - 2 = 5.

(0 7 1_31 = 7 - 3 . 4.

(g) 1-51 x 2 5 x 2 . 10.

(II) -(1-51 - 2) -(5 - 2)

2



(i) 1-31 - 121 . 3 - 2 1.

(j) 1-21 + 1-31 2 3 . 5,

(10 -(1-31 - 2) . -(3 - 2) . -1.

(1) -(1-21 4. 1-31) - -(2 + 3) = -5.

(m) 3 - 13 - 21 3 - 1 . 2.

(n) -(1-71 - 6) . -(7 . 6) . -1.

(o) 1-51 x 1-21 . 5 x 2 = 10.

(P) -(1-21 x 5) = -(2 x 5) = -10.

(q) -(1-51 x 1-21) I. -(5 x 2) . -10.

3. (a) 13E1 1.

(b) lxi - 3.

(c) 1x1 + 1 =

lx1 . 3.

(d) 5 - 1x1 -

The truth set is (1, -1).

The truth set is (3, -3).

4. The truth set is (3, -3), the same as that of

2. The truth set is (3, -3).

(e) The truth set is 0.

(f) The truth set is (0).

Some students may see these just by inspection. Other's may think

of the fact that Ix, is the distance on the nuMber line from zero, so

in (a), for instance, x must be 1 unit from zero. Therefore x = 1

or x -1. Still others may reason ar follows, for (d):

To find the truth set for 5 1x1 - 2:

If x > 0, lx1 = x, so 5 - x 2 or x 3.

If x < 0, lx1 -x, so 5 (-x) = 2 or x = -3.

The truth set is (3, -3).

Have several Students explain their reasoning/ as this is a

splendid opportunity to check their understanding of absolute value.

4. Here students may have difficulty in finding a starting point. It may

be helpful for them to refer back to Problem Set 1-1a, Problems 2 and 3.

(a) 1x1 > 0 is true for all real nuMbers x.

If x > 0, lx1 > 0. See Problem Set 1-1a, Problem 2(b);

If x < 0, !xi > 0. See Problem Set 1-1a, Problem 3(b).

OS) x < lxi is true for all real nuMbers x.

If x >0, x= ix!.

If x < 0, x < lxl.

(c) -x < 1x1 is true for all real nuMbers x.

If x > 0, -x < 1x1.

If x < 0, -x Ixf.

3



(d) -Ixi < x is true for all real numbers x.

If x > 0, 13C1 < XO

If x < Op ..1x1 a' X.

5. If x is negative, the absolute value of x, being the greater of the

number and its opposite, is the opposite of x, tLat is

ix! = -x or -x lxi.

Since -x and I'd are in this case names for the same number, their

opposites also vill be names for the same nuMber, so that -(-x)

As the opposite of the opposite of x is x, we may say -(-x) = x and

finally

X =7- -1X1.

If the teacher has not had much experience with graphs of inequalities,

he would find the pamphlet on "Inequalities" very helpful.

Amswers to Problem Set 1-lc

1. Graph the truth sets of the following sentences

(a) lxi < 4

The student may arrive at the required graph by trial of different

numbers for x, in the sentence. He may instead reason the exer-

cise out someWhat as follows: The sentence states that "the

absolute value of x is 'ess than 4". On the nuMber line, this

statement becomes "x is less than 4 units from 0". Therefore,

the graph of "Ixi < 4" is the one given Above.

(b) lxi >2
1 iimmtnirm&

1 1 !

As in part (a) the student here may find the required set by trial

and error, or by recallimg the interpretation of absolute value as a

distance on the nuMber line.

(c) Ixl < 3

Part (c) differs from part (a) in that the endpoints are in-

cluded. Heavy black dots are used to indicate this.

(d) > 4 .rt itilItt4t -3 -2 -1 0 1 2 3 time.°

4



I*

(e) Ix! < -2. . No graph. Absolute value of x cannot be negative.

( f) ix! > 0. IL _I_ I
J

1 1 limb
-5 -4 -3 -2 -I

Truth set contains every real number except 0.

(g) lxi>-1.440 j1 I A I t-5 -4 -3 -2 -1 IP 1 2 3 4 5

Truth set is set of all real nuMbers.

2. (a) lxi < 4. Note that the endpoints are included.

(b) Ix! > 1. Note that the points Whose coordinates are 1 and -1

are included. For the sake of brevity, we say "FOints 1 and -1".

(c) Ixi > 3.

The distinction between "and" and "or" must be carefully observed. In a

compound sentence, the use of "and" implies that both clauses are true, the

use of "or" implies that one, or the other, or both clauses are true. This is

the inclusive use of "or". If we are working with truth sets of open sen-

tences, the use of "and" implies the intersection of the sets, the use of "or"

implies the union of the sets. We can state this formally as follows:

Intersection: Pfl (x : x E PA x
(F intersect Q in the set of all nuoibers x such that x is an

e1emeW. of F and x is an element of Q)

Union: PUQ- (x: xEPVxecl)

Answers to Problem Set 1-1d

1. (a) and

(b:

(c) lxi < . ( Alternate answer: _ < x < i)

2. (C) and (E). (A) would be Ix) >8, (B) is the null set, (D) is

the set of real numbers.

3. (B) and (D). (A) states that temperature was below 5°, (C) indicates

all possible temperatures, (E) states that temperature was above t)

or below -5
0

.
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1-2, SubtractIcat Distance and Absolute Value

The relation between the difference of two numbers and the distance

between thse points on the nuMber line is introduced here to make good use

again of ,the number line to help illustrate our ideas.

You are no doubt aware, however, of the fact that (a - b) as a directed

distance and la - 1,1 as a distance are very helpful concepts in dealing with

slope and distance in analytic geometry.

1. (a) 13 - 71

(b) 16 - (-2)1

(c) 1(-8) - (-5)1

2. (a) The two nuMbers

Answers to Prdblem Set 1-2a

(d) It - 61

(e) ly - 01

(f) 1m

such that the distance between x and 5 is 3

are the numbers corresponding to the two points 3 units away from

5
1.0 3 3 41

- 013 ;5 ;1 7 t j9 (2,83

Though the Above is the suggested approach to this problem, some

students may do it by the definition of ibsolute value.

If x - 5 > 0, then 3 . lx - 51 = x - 5 and x -2.- 8;

if x - 5 < 0, then 3 . lx - 51 = -(x - 5) . -x + 5, from which

we get x = 2.

(b) ei IIIIIIIA.I
(-3,7)-3 -2 -1 0 1 2 3 4 5 6 t

(c)
t t I I 1 t I 1 t (-2,10)

-6 -6 -4 1 0 2 4 6 6 IS 12

t 1 1 1 1 I 1 I

-7 -6 - -4 -3 -2 -1 0 t 2 3

(e) 0. Absolute value is never negative.

(f)
-ill -t 4 -ii -4 I -1 -: I I-

(.) , i . , I i ,,, II, (1,2)
- 3 -4 -3 -2 -1 0 T 2 3 4 5

Tbe sentence states that the distan e between tWice some number and

3 is 1. Twice the nuMber would be 2 or 4, hence, the number is

1 or 2. By definition, also, if 2x - 3 > 0, then 2x - 3 . 1 and

x = 2, if 2x - 3 < 01 then -(2x - = 1, and x = 1.

6 1



Answers to Problem Set 1-2b

1, (a) The truth set of the sentence Ix - 21 ( 2 is the set of numbers

satisfying the inequaliVir 0 < < . We can state thle:
Ex : Ix - 21 < 2) - : 0 < x < 4).

÷1 1 1 , 13 12- 2 3 t
Rather than use formal methods for the solution of the inequality,

the student will be guided by the question: What is the set of

numbers x such that the distance between x and 2 is less then

2? As in the case of the preceding problem set, however, the

student tay work directly Prom the definition of absolute value

instead of the suggested approach.

For example, if x - 2 > 0, then lx - 2 = x - 2 and

x - 2 < 2

x < 4 .

If x 2 < 0, then lx - 21 mg -(x - 2) = -x + 2 and

-x + 2 < 2

-x < 0

x > 0

I

(b) The set of all nutters y such that y < -4 or y > 12

del1 mEN666=6.--1-1---1-6==6=6W-20 -16 -12 -8 -4 0 4 6 12 16 20

(e) The set of all numbers r such that -12 < r < -2

(d) The set of all nutbers b suCh that b < -7 or b > 1

- I - -6 -8 -4 -3 -2 -1 01 2
(e) The set of all nutbers c such that c < -4 or c > 8

4161116=1111 I i
I .1 I Ammilop

-10, -8 -6 -4 -2. 0 2 4 6 8 10

(f) The set of all nutbers d such that -8 < d < -2

-12 - 0 2 4



(g) Since 1x1 + 3 > 0 is equivalent to 1x1 > -3, the truth set is

the set of real nunbers and the graph is the nudber line,

(h) Since ix - 41 + 5 < 0 is equivalent to lx - 41 < 5 the truth

set is 0. The graph can be shown by an unmarked line with a

at the end.

2. (A), (B) and (D) are equivalent. (C) is not equivalent, since it is

the set of all real numbers.

3. The graphs are all the same,

4 (a) If lx1 x, then x > 0,

(b) Since -1m1 < 2 is equiv-aent to imi > -2, then m is the set of

real numbers.

(e)

(d) If lul = -us then u < 0.

(e) If 1v1 > Op then v is the set of real numbers.

5. (a) till
-7k-7H -2 -I 0

(b)

(c)

d

-t -t t t 3 4 5

-8 -4

I

-3

I

-2 -1 tillimillimeuri

I 111
4

t

5

-5 -4 -3 -2 4

b

0 I 2 3

b

4 5

xf a x2

Since the distance between xi and a and also between x2 and a is

bo it is apparent that xi = a - b and x2 = a + b. Therefore,

a -b<x<a+ b, This assumes that b is non-negative.

7 9
7, If lx - 21 <: then < x <

If x > then 5x 4- 3 > sa. 1(5x 4- 3) 131 <

If x < then 5x 3 < af 1( 5:( 3) 131 <

2 L

8. If fx + 21 < 5 then -7 < x < 3 , Thus, 0 < x < 49.

8



apter 2

ADDITION AND MULTIPLICATI)N riq TERMS aF ABSOLUTE VALUE

In Section 2-1, a precise definition of addition is formulated, first in

Engliah and then in the language of algebra. Section 2-2 is concerned with

multiplication. It is difficult to find "real life" situations which will

saggest What multiplicatian involving negative nutbers ought to be. After we
have addition, however, insistence on the distributive property suggests how

multiplication must be defined. Section 2-3 on the us of absolute value

sytbol when simplifying radicals follows appropriately after multiplication.

2-1. Definition of Addition

Our immediate objective is more aMbitious than just to teach the arith-

metic of negative numbers. We want to bring out the important fact that what

is really involved here is an extension of the operation of .ddition from the

nuMbers of arithmetic (where the operation is familiar) to all real nunbers in

such a way that the basic properties of addition are preserved. This means

that we must give a definition of addition in terms of only non-negative num-
bers and familiar operations on them. The result in the language of algebra

is a formula for a + b involving the familiar operations of addition, sub-

traction and opposite applied to the non-negsAve lal and 1131. The complete

formula appears formidable because of the variety of cases. The idea is simple,

however; and is nothing more than a general statement of exactly what we always

do in obtaining the sum of negative nutbers.

The main problem is to lead up to the general definition of a + b in a-

plausible way. The case of the sum of two negative numbers is considered in

some detail first. Then the other cases are considered more briefly leading

up to the general definition first in English and then in the language of

algebra.

1. (a) difference

(b) greater

(a) absolute value

2. (a) Yes

(b) Yes

Answers to Problem Set 2-1

,



3. This exercise brings out an important relationahip which we ahall see

again in Section 5-1 on Absolute Value of Complex Nutbers. If we had a

section on the addition of vectors, it would also appear there.

(a) Yes

(b) Yes

(c) No, 5 )1 1

(d) No, 5 It

4. Here are some possibilities

9 - 21 . 191 - 121

2 - 91 > 121 - 191

9 - (-2)1 > 191 1-21

(-2) - 91 > 1-21 - 191

(-9) 21 > 1-91 121

2 - (-9)1 > 121 1-91

(-9) - (-2)1 - 1-91 - 1-21

(-2) - (-9)1 > 1-21 1-91

(e) The left member is greater than

the right meMber.

(f) lal + Ibi > ia + al

From similar examples the student will, we hope, infer that for any real

nuMbers a and b

la - bl > lal 1bl,

la - bl > Ibl - lal.

5. (a) The student will probably use numerical examples. By definition,

however, we can prove it.

If a = b then la - bl lb - al, since 101 . 10[.

If a 1131 then a - b > 0 or a - b < 0,

If a - b > 0,

Then la bl . a - b but b a < 0, so lb - al = -(b - a) . a - b.

Hence, la - bl 1. lb - al.

The proof is similar for a - b < 0.

(b) The numerical examples from ftercise 4 could be used. We could prove

this as follows:

lbl lal = -(lal - lb1),

so that we now have

la - bl > lal - lbl,

la - bl > -(lal - 1b1),

In other words, if lal Ibl, then la - bl is greater than or

equal to the larger of la1 - Ibl and its opposite -(Ia! - jai),

and this means that

10



Ibl

if lal = 1bl, then 116.1 -Ibl = 101 . 0, so that the latter

inequality is also true in this case.

The distance betwren a and b is found to be at least as great as

the distance between lal and 1bl, because a and b can be on

opposite sides of 0 While lal and Ibi must be on the same side.

6. la - bi + 1bl > ial Addition Property of Opposites

la - bl + Ibi + (-1b1) > lal + (-1ibl) Addition Property of Order

2-2. Definition of Multiplication

There are several ways of making multiplication of real nuMbers seem

plausible. It seems best to let the choice of definition of multiplication

be a necessary outgrowth of a desire to retain the distributive property for

real numbers.

Make clear to the students that what we are doing here is not a proof.

We couldn't prove anything about something which has not been defined. How-

ever, to guide us in choosing the definition we ask "If we had a definition of

the product ab for negative nuMbers, how would the nuMbers behave under the

distributive property?" We find that they would behave in such a way that

0 6 + (2)(-3)

would have to be true. But if the uniqueness of the additive inverse is to

continue to hold, (2)(-3) would then have to be the opposite of 6.

As in the case of addition, the point of view here is that we extend the

operation of multiplication from the nuMbers of arithmetic to all real nutbers

so as to preserve the fundamental properties. This actually forces us to

define multiplication in the way we have. In other words it could not be done

in any other way without giving up some of the properties.

The general definition of multiplication for real nutbers is stated in

terms of absolute values because lal and 1bl are nuMbers of arithmetic,

and we already know how to multiply nutbers of arithmetic. The only problem

for real numbers is to determine whether the product is positive or negative.



Answers to Problem Set 2-2

1, lallbl labl

The better students vill be able to follow the proof of this:

Exact4 one of the following is true:

Ab = lal 1bl

or

Definition of the product

of two real nuMbers.

ab -(l54 Ibi)

(Note that the two possible values of ab are opposites.)

Then 101 is either lal 1bl or Whidhever is greater

But lal Ibi is positive.

and -(ta! 1bl) is negative.

Hence labi = lal . Ibl,

Definition of absolute value.

Definition of the product

of two real nuMbers.

Definition of opposites.

A positive nuMber is greater

than a negative nuMbei.

2, If n > 00 then we know it is true from arithmetic.

1 1 1 1 1
If n < 0, then kj and 71-1 . Hence, it is true,

xi

provided n ji ü.

3. If m. = 0, n 0, then

If m > 0, n > 0, then

If m > 0, n < 0, then

If m < 0, n > Op then

If m < 00 n < Op then

4. a. 1 . -(1a1111)

-lai .(-a) . a

Im IM1
= anti = vs

. E and 1E1 . E.
n ini n

m m m
. . and 11"--4 ii. = .

n ini -n n*

m 1mi -m m
. - anu

,
. :. -

n
1211

n n

in M hal -111 M
se ..- an"

xi n Ini -n n

Definition of MUltiplication of

real nuMbers.

Definition of Absolute Value

Opposite of the opposite of a number

is the nuMber itself,

5. If a . 0, la! = 1-al, since 0 = -O.

If a > Op 'al = a, -a < O. Thus, 1-al = -(-a) . a.

If a < 0, lal = -a, -a > 0, Thus, 1-a; = -a.

Which completes the proof.



6. If a * 0, IOI Thus, -1a1 . a . 1a1.

If a > 0, t h e n - 1 a 1 . -a and -a < 0 . 1 a 1 a. Thus,

-Ial < a lai.

If a < 0, then -1a1 -(-a) = a and -a > 0. 1a1 . -a. Thus,

-kat a < lat.

Hence, -1a1 < a < 1111.

7. (a) Ix - 21 x - 2 if x - 2 > 0

(b) Ix - 21 . 2 - x if x - 2 < 0

8. In section 4-1, we shall solve these by a different method. For the

time being, the emphasis is on the definition.

(a) If x + 3 > 0, then lx + 31 = x + 3. Thus, x + 3 = x. Truth set

is 0.

If x + 3 < 0, then Ix + 31 . -(x + 3). Thus, -(x + 3) . x. This

gives x = - + 3 4 0. Truth set is 0.

(b) If x - 2 > 0, then Ix - 21 x - 2, Hence, x - 2 . 2x + 5. x -7.

But -7 - 2 0. Thus, truth set is 0.

If x - 2 < 00 then Ix - 21 = -(x - 2). Hence, -(x = 2x + 5.

x -1.

Since, -1 - 2 < 0, truth set is (-1).

(c) (-;$ -9)

(d) (-1, 1, 3, 5)

(e) (Ix - 31 - 1)((lx - 31)2 + Ix . 3 + 1) . 0 (2,4)

(f) Truth set of 1x1 = 2 is (2,-2).

Truth set of Ix - 51 . 3 is (2,8).

Truth set of compound sentence with "and" is (2).

(g) Truth set of compound sentence with "or" is (-5, -1, 3).

9. ab lallb1

db -(1a11b1)

..-(1b1k))

ba

Definition of multiplication.

Commutative property of multiplication

for non-negative real nualibem.

Definition of multiplication.

13



v

10. (a) Use EXercise 1 above. Since Isilbl labl,

imx mxt a imtx m)1 al.

(b) I3x - 121 < d implies 1311 x 41 < d or x - 41 <11.

Therefore, x is the set of all real nutbers sudh that

4 - 4 < < 4 4. 4.

2-3. Absolute Value and Simplification of Radicals

There is little confusion over the sytbols 15, lr-71, and -0; but as

soon as a variable appears under a square root sign we must be careful. The

difficulties come from the fact that the square root sytbol always indicates

the positive square root and that the radicand must be non-negative. Consider

)2. If a is positive or negative, a
2
, the radicand, is positive. Thus,

= a is true if a is positive but false if a is negative. The true

equation is

Examples are:

= 31x1

= 1-31 = 3

if( a 4-7 a + bk.

Suppose we have a radical Butt) as ../ra". In this expression a must be non-

negative; the definition of a root requires it. If a were negative we would

Ilave what is defined as an imaginary nuMber, which we do not consider here.

Some examples are

. 47277;= 3Ixl1R,

but since x is understood to be positive,

31x14 = 3x4.

1(3-7-17 . Ix - 11/i - 1 = (x - 1)/;-:-T, x 1.

Here is another interesting misuse of absolute vaaue. Consider the following

"proof" that all nuMbers are equal. If a and b are any real numbers, then

Ia bI = 1b - al,

(a - b)2 (b - a)2,

a b = b

-1

D



2a . 2b1

a b.

Which step of this "proof" is faulty, and Vhy?

The trouble vith the "proofu can be best explained by inserting another

step.

because 12 1x1. lx1

If a b > 0, then

If a - b < 0, then

(a - b)2 (b 1)2

I(a - b)2 - a)2

la - bl OD . all

-x if x < O.

b - a < 0.

a - b -(b - a)

a - b -b + a

a - b b

b - a > 0.

-(a - b) = b - a

-a +b=b- a
b -a=b- a

Answers to PrOblem Set

1. (s) 2161x1

(b) 2xIgi, and x > 0

(c) 2x21U, and x > 0

2. (a) 4a21

(b) 2a 1147

(c) 2111 It/

3. (a) 1x1)77:717

(b) 1x31

(c) x2 + 1x1

15 4.?c;



4. (a) 30x4 and x >

5.

(b)

(a)

(b)

31x1143, and

3

2

Mr

a > 0, and y >

and y A 0

(c) and x>0 and y>0

6. !al and x > 05x

a3(b) 1-45 and a > 0
5

7. (a) 21a + b1

(b) Ix-21
3

e) - 31

8. 21a 11r3-

9 71/111qini
q

10. 42x . 1)2

1(a) x <

1(b) X >

1(c) X

and q > 0

0

. 12x - 11

2x < 1,

> 1,

d.X .1 1

2x - 1

2X 1

0

<

>

0,

0

12x - 11 =

1 2X - 1 1 21

I2x - 11 =

-(2x

2X

0

- 1)

1

= 1

Coed

a



Chapter 3

GRAPHS OF ABSOLUTE VALUE IN THE CARTESIAN PLANE

This Ohapter dealing with'absolute value is valuable not only for the

opportunity it provides for recall of work done with absolute value earlier

in the pamphlet, but also for the opportunity it provides for examining what

happens to a graph when certain changes are made in its equation.

1. (a) k > 0

Answers to Problem Set 3-la

(b) k 0

2. (a) If k > 0, then there are two horizontal lines, one, k units above

the x-axis, the other, k units below the x-axis.

If k 0, the graph is the x-axis.

If k < 0, there is no graph.

Figure for Problem 3(a)

17
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Figure for Problem 3(b)



(c)

Figure for Problem 3(e)

(e)

1y 3

15i2 3

Figure for Problem 3(e)

(d)

Cie)

4 , ...9 It

i
4- 1 1. -4---

/

0

1
_

__,

_

__

Figure for Problem 3(d)

... _...
dilI. .....____

,

Figure for Problem 3(f)

(g) No graph. $

(h) The entire quadrants and rv, y-axis and positive portion

of x-axis.

18



Answers to Problem Set _haapm... =mom 1.e... mer..

(h)

1_ 1., 4

Figure for Problem 1(s)

( c)

4 - I 4

Figure for Problem 1 b

t
4 1 .

Figure for Problem 1(c

(d)

:Figure lor Pxoblem 1(d)

(e)

(r)

19 e;

Figure for Problem 1(e)

The graph would consist of the

entire nuMber plane except for

points on the line, x 4. -1.



2. (a) The graph 'mull consists of all points in Quadrants II and III.

negative portions of x-axis but not the y-axis.

(b) Since the truth set of 1x1 < x is 0, there would be no points

in its graph.

3-2. Graphs of as Sentences with TWo Variables

Whether x is positive or negative, the absolute value of x must be

positive. So every value of y is positive for every value of x except

0. For x 0, y . 0.

A simple equation whose graph would be two lines which do not form a

right angle would be "y 21x1" or "y -21x1", or any equation of the

form "y k1x1" Where k is not 1.

Answers to Problem Set -2a

(c)

Figure for Problem 1(a)

Figure for Problem 1(b)

i

9

1

Pir Ill

Figure for Problem 1(b)

(d)

-
f.

1

i

_.-J.

4

_

Figure for Problem 1(d)

-.

20



(e)

2. (a)

Figure for Problem 1(e)

4. +

Figure for Problem 2(e)

b )

. ;

1

1 *
* 1

*6,....':

I

i i
A

Figure for Problem 2(b)

( o)

Figure for Problem 2(c

(r)

Figure for Problem l(f)

(6)

( e)

Figure for Problem 2(e)

(1)

Figure for Problem 2(f)

21
r)

f,



3. (a)

Figure for Problem 3(a)

(d)

.

--

!

i

.1-

,

L..4

i -1 --

1

- -,

.

_

,

-

.

..

0

i

1

';'
? i

t +

,.

1 ;

I

!

,_

t
4

,

.

.

,

_1

(b) (e)

Figure for Problem 3(b)

(c)

:

Figure for Problem 3(c)

22

Figure for Problem 3(d)

Figure for Problem 3(e)

r)



4. Problem

1(c) The graph of "y.= -1x1" can be obtained by revolving the

1
graph of "y x1" revolution about the x-axis.

1(e) The graph of "x = -1y1" can be obtained by revolving the

graph of "x = 1y1" revolution dbout the y-axis.

2(a) The graph of "y 1x1 + 3" can be obtained by sliding the

graph of "y = 1x1" up three units.

2(b) The graph of "y = lx1 - 7" can be obtained by sliding the

graph of "y = lx1" down seven units.

2(d) The graph of x = iyi + 3" can be obtained by eliding the

graph of Isx = iyi" to the right three units.

2(f) The graph of "y = -Ix! - 1" can be dbtained by revolving

the graph of "y = lx1" about the x-axis and then sliding

it down one unit.

3(a) The graph of "y = Ix - 21" can be obtained by sliding the

graph of "y = lx1" to the right two units.

3(b) The graph of "y = lx + 31" can be obtained by eliding the

graph of "y = lx1" to the left three 'A.

3(d) The graph of "y = ix + 31 - 5" can be obtained by sliding

the graph of "y = 1x1" to the left three units and down

five units.

5. (a) (b)

Figure for Problem 5(a)

23

Figure for Problem 5(h)
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Anavera to Problem Set 3-2b

1. The graph shown is the grmph of

ixi + Iyi 5, aa veil as the

grephs of the four open sentences:

x + y 5, and 0 < x < 5

or x - y 5, ant 0 < x < 5
Ow do.

or -x + y 5, and .5 < x < 0

or -x - y a 5, ant -5 <x < 0

It vas necessary in these to limit

the values of x so that only the

indicated segments of the lints

would be included.

2. (a) Point out to the pupil the

four open sentences implied

here:

x + y > 5,

or x y > 5,

or -x + y > 5,

or - > 5.

The graphs of the corres-

ponding equations:

"x + y 5 or x y 5

or etc." are then drawn with

dotted lines. Now note that:

x + y > 5 becomes y > -x + 5

-x + y > 5 becomes y > x + 5

Figure for Problem 1

tf)

Figure for Problem 2(a)

So the area above each of the lines where

-x + y 5" is shaded. Also:

x - y > 5 becomes y < x

-x - y > 5 becomes y < -x

11

5

5

y 5" end

So the area below each of the lines where x y 5" and
ft -x - y 5" is shaded. Therefore the graTb of lxi + lyi > 5

is all of the plane Outside the graph of Ix! + tyl = 5.

25
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(b) In the same line of reasoning

lxi IY1 < 5 implies:

x + y < 5,

and x y < 5,

and -x + y < 5,

and -x - y < 5.

Hence, the graph is the area

inside the graph of

ixi IY1 5-

Verify on the nuMber line

that "Iyi < k" is equiva-

lent to "y < k and

-y < k", Vhereas > k" is equivalent to "y > k or -y > k".

I i 1

Figure for Problem 2(b)

The graph is the same as

that for (b), except that

the lines are solid to

indicate that the graph of

I'd 4- lit = 5

is included, as well as the

graph of Ix( + ly( <5.

(d) "Ix! + !y! 4z 5" implies

"Ixi + hyl . 5 or

lx1 + iyi > 5", so the

graph is the same as that

for (a), except that the

lines are solid.

26
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3A x -6 -6 -4 -3 -2 1 3 4 4

7 7 6 6 4 4 3 2 1 3 4 4 7

4

7
I

ii 1

l
4

it

4

4

3 3 1 1 0 -1 -2 0

IP

1

Ar

1 4

1

4

y 4
1

-4 3 -3 1 -1 0 Impossible 0 1 -1 4

4

-4

The four open sentences vhose

graphs form the 4ame figure are:

x y 21 3, and x 3

x + y 3, and x > 3

-x + y 3, and x < -3

-x - y ,A 3, and x < -3

1. (a)

Figure for Problev 3

Ansvers to Problem Set 3-2c

(b)

,
1

+ +

,

1

4

.

4-

i

+

. .

,

+

. 1

4

.

,

Figure for Problem 1(a)

27 3

Figure for Problem 1(b)



2, (a)

Figure for Problem 2(b)
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Chapter 4

ABSOLUTE VALUE AND QUADRATIC WRESSIONS

Abskute Value and Quadratic Equations

The method of solving equations involving absolute value by squaring both

meMbers is a convenient alternative to what might be called "the method by

definition". It does involve, however, the difficulties which occur when you

square both meMbers of an equation.

If 'a . by then a ana b are names for the same number. If that num-

ber is squared, a
2

and b
2

are names for the new nuMber and a
2

b
2

. It

can be proved as follows: If a = b then a
2

. ab and ab = b
2

; so a
2

b
2

by the transitive property of equality.

This does not work in reverse because there are two square roots of a
2

and of b
2

. Thus we could say that (-3)
2

. (3)
2
0 but -3 / 3.

Consider the following:

Equation Truth Set

x 3

X := 9

It is apparent that squaring both sides of an equation does not yield an

equivalent equation. And yet in solving certain equations involving square

roots or absolute values we need to square both sides. We do so then, bearing

carefully in mind that we may expect to find a larger truth set in the new

equation. We must therefore test the meMbers of this truth set to find which

ones really make the origins) equation true.

Answers to Problem Set 4-1

1. (a) 12x1 = x + 1

4 x2 + 2x + 1

3X- - 2x - 1 . 0

(3x 4 1)(X *. 1) = 0

3x + 1 =, 0 or x = 1

x = - 7 or x 1

If x - the left member:

the right metber:

/
12t-

1
-

3

I

3

+ 1

2
=

3



If x the left mother: 12. I

the right metber: 1 -4- I = 2

1
The truth set is (- I.

(b) x 1x1 . I

x - I = 1x1

x
2

- 2x + 1 a
2

1 1
If x p the left member: -

1
. 0

the right member: 1

The truth set is 0.

(c) (1)

(d) (-1,7)

(e) 0 (-1 and -I do not check)

(f) x2 - lxi - 2 . 0

x2

x - 4x
2

+ 4

x - 5x2 + 4 , 0

x = 1 or x = -1 or x = 2 or x = -2

and -1 do not check. Truth set is (2,-2).

2. lx - 31 = x + 2

2
X t X + 9

1
X 7

The truth set is (7).

30



4-2. Solution of Quadratic. Inequalities

Tbis material requires considerable understanding of inequalities. Tbe

pamphlet "Inequalities" covers this material in detail. The multiplication

property of order states:

(a < b) A (c > 0) a ac < bc

(a < b) A (c < 0) > bc

The solution of problems, like 1 < fx + 21 < 3, by the method of arguing

by.eases can become rather tedious if we must use it each time that we-want to

eliminate an absolute value symbol. It is easier to mailer through the argu-

ment once or twice to prove general theorems, which we usy then use later with-

out resorting to the two cases of the definition: (i) 0 < x, (ii) x <0,
in each problem that we meet. For this reason, we prove the next two theorems.

Suppose 0 < a. Then

lx1 < a if and only if -a < x < a.

Proof. ("Only if") We show first that if lx1 < a, then -a < x < a.

Case (i): If 0 < x, then 1x1 = x and so if lx1 < a, then

0 < x < a; hence -a < x < a, since -a < O._ -

Case If x < 0, then lx1 = -x > 0 and so if lx1 < a, then

0 < -x < a, or -a < x < 0 and since 0 < a, we can say -a < x < a.-

For the "if" part, we prove

If -a < x < a, then lx1 < a.

Case (i): If 0 < x and -a < x < a, (i.e., -a < x and x < a), then

from 0 < x and x < a it follows that 1x1 x < a and so lx1 < a.

Case (ll): If x < 0 and -a < x < a, then x -1x1, and

-a ( -1x1 or 1x1 < a.-

Suppose 0 < a. Then a < lx1 if and only if, either x < -a or

a < x.

Proof: ("0114 if")

Case (i): If 0 < x and a < lx1, then a < x.

Case (ii): If x < 0 and a < lx1, then a < -x, or x < -a

("If")

0 < a and a < x give 0 < x; so x 1x1



Therefore, if a < x, then a < 1x1. Also 0 < a (or -a < 0) and

x < -a give x < 0; so x -1x1. Therefore, if x < -a, then -1x1 < -a

or a < 12:1.

Examplc: Solve 1 < Ix + 21 < 3

Solution: 1 < lx + 21 < 3 if and only if

[x + 2 < -1 or 1 < x + 2] and (-3 < x + 2 < 3]

[x < -3 or -1 < x] and [-5 < x < 1]

CoMbining-these cases,

rx -3 and -5 < x < I] or [-1 < x and -5 < x < 1]

< x < -3] or r-1 x 11

The coMbining of the two cases is actually the use of the Distributive

Property of propositional logic: (a V b) A c = (a A c) v(b AO, where
a = (x < -3), b (-1 < x), and c (-5 < x < 1); using A for the conjunc-

tion "and" and V for the inclusive "or". This point will have to be made

by appealing to the student's acceptance of the same meaning for the two cases.

Number line diagrams may be helpful to make this point.

We can use the first theorem to give a proof, devoid of case arguments,

for the so-called "triangle inequality",

ly + zl < IY1 + IzI

Proof: In Prdblem Set 2-2, No. 6 we proved

-III <Y < 1Y1

-1z1 < z < 1z1

Hence, adding

-(1y1 + 1z1) < y + z < 1y1 + 1z1.

If we let x = y + z, a . 1y1 + 1z1, we have by the first theorem

-a < x < a

which was proved to be equivalent to

1x1 < a.

Or, substituting, ly zl < IY1 IzI.

Additional problems, using this method, with answers

1. (a) Ix + 31 < 5 if and only if -5 < x 3 < 5, i.e., -8 < x < 2

4
(h) 13y - 21 < 2 0 y

(o) 14 - m1 > 6 if and only if 4 - 11. < -6 or 6 < 4 m i ep

10 < m or m < -2
3 2



(d) 12 - pl ). 4

(0') 2
6 - 2x

f) -1 < 12x - 31 < 1

1. 2 c
x so: + 3 < 0

x
2

- 4x + 4 < -3 + 4

(x - 2)2 < 1

Ix - 21 < 1

x > 1 and' x < 3

p < -2 or 6 < g

x < 0 or 6 <

1 < x < 2

Answers to Problem Set.4-2

41.

The truth set is the set of all nuMbers such that 1 < x < 3. It is

convenient to use set builder notation here. The answer is then

written: (x : 1 < x < 3).

2. (x x < 1 or x > 4) 4112j&ertiru"i.1 t1.1"111""

3. x
2

- x < -1

1 1
x
2

- x + < -1 .4- 4

x
1 2 3

<

4. x2 - x > -1

1)2 >

This is impossible.

This is true for all real numbers. The graph is the entire nuMber line.

,
5. x

2
- ox 9 < 0

(x - 3)2 <

Ix - 31 < 0

(x x 3)

1
6. :

III
-8 -4 -3 -2 -1 0 1 2 4 5

33



7. 6( -x2 + 1) > 13x

6x2 + 13x < 6
2

+ x < 1

2 13 169 169x + 7-x

Ix + 1111 <

- 3 - 417 -13 + 175
12 < x < 12

8. 2x - 1 > x

x2 +x+;,>11 1

%air. A.rai

-13.5W -IS IV-ATI
is

I x + ;I >

=bil
-1 - 15(x x <

2 2 ) d1110=110-----famillew

9. Cx x < -1 or x > 1)
4111-.15.7714. -3 -2'.w.I.I.mj.mt?Imm.12.3.1.44111.11111°

x + 310. > and x 5x - 5

Since (x - 5)2 > 0, then Cx - 5)(x + 3) > 0

x2 - 2x - 15 > 0
2 - 2x + 1 > 16x

Ix - ii > tilt, ti(x:x<-3 or x > 5)
4111.41r1 -2 -1 0 1 2 3 4 time.'

(x : 0 < x < 1 or -1 < x < 0) -7-4-11-1-1(?11m(?J--1"."-
2 3 4

34
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12. (x x < -1 or x > 1)

13. lxi > x + 5

x2 > x
2

+ 10x + 25

10x < -25

x <

414.-3 a.2"."2?Cjr-11"..1171r111'

14. I2x 11 >
2

I k411601=03 -2 1 1 2 3

If 2x - 1 > 00 then 2x - 1 > x2

0 > x2 2x + 1

0 > (x - 1)2

If 2x - 1 < 0, then -(2x - 1) > x2

0 > x
2

+ 2x - 1

(x : -1 - < x < .1 +
-4/2-

L4 3 2 1 0 1 2

(Note: It is interesting to sketch the graphs of y x
2

and

y 12x - 11 on the same axes and see that this is true.)

15. Both are equivalent.

16. Ixi(x - 2)(x + 4) < 0 -4 < x < 2, except x 0)

Ix
17. > 0. Since lx - 31 > Op X . 2 > 0, but x 3 cannot be equalx 2

to 0. (x x > 20 except x A 3)

35
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Answers to Problem Set

1. Ix
2
+ x <: y

Graph y 12(2 + xl

Other than those values where

x
2
+ x 0 consider x

2
+ x > 0

2,

or x2 + x < O.

(1) If x2 + x > 0, then

2
Ix 4 XI x

2
+ x. So, the

graph of y = x2 + x is the
#

parabola. Hence, the graph
1

of y > x2 + x is above this

parabola and in the domain

x2 + x > 0, i.e., x > 0 or x < -1. For, x(x + 1) > 0, then

[x > 0 and x + 1 > 0] or [x < 0 and x + 1 < 0].

(x : x < -1 or x > 0).

(2) If x2 + x < 0, then x(x + 1) < 0, or (lc < 0 and x + 1 > 0] or

[x > 0 and x + 1 < 0]. (x : -1 < x < 0 or 0)

The union gives the interval, -1 < x < O. So, the graph of the

solution set of y > -(x
2
+ x) in the domain x

2
+ x < 0 is the

region above the parabola and between x = -1 and x = O.

The graph of the solution set of 1x
2

+ xl < y is the union

of these two regions and x = -1, x 0.

36



2 elWe recall here that y = x - oixi + 5 implies:

2 .
- ox + 5, x > 0

2 .
x + mx + 5, x < o
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Chapter 5

ABSOLUTE VALUE, COMPLEX NUMBERS AND VECTORS

5-1. Absolute V_lue of a Complex Number

If the student has had no work in complex nutbers he should not attempt
to do this section. In many Algebra II texts, however, there is an introduc-

tion to the topic of complex numbers. If the student has had the application
of the four fundamental operations to the complex numbers, he might well
continue with this section. Another pamphlet of this series entitled "Complex
Numbers" is devoted entirely to this topic and includes most of the material
in this section.

The representation of complex numbers by points in the plane had a great

effect historically on the acceptance of the complex number system by mathe-
maticians. This geometric representation overcame the feeling that the com-

plex nuMber system was not concrete. It was found that the complex number

system could be employed in the solution of geometric problems.

The notion of absolute value is a purely algebraic one, even though its

definition is geometrically motivated. All of the properties of absolute

value can be established algebraically.

The real, nonnegative nuMber 477 is called the absolute value

(or modulus) of the complex nutber, and can be written la + bit. The angle
e associated with the number a + bi is called the argument (or amplitude)

of a + bi.

Answers to Problem Set 5-1
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3. (a) The single point (1,0)

(b) Let z x + yi, x and y real

Then x + yi 4777. Since ic 2 + y
2

is real, y 0. Hence,

x 47. By definition, the truth set is the set of points com-

prising the non-negative x-amis.

(c) Since z cannot be zero, the given equation mliy be transformed

into the equation 12,1 = 1, and this is the equation of the unit

circle.

4. Let zi = xi + yli and z2 = x2 + y2i

Then 17.1z21 = 1(x1 + y1i)(x2 + y201
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5. Let zi . xi + y11 and z2 = x2 + y2i
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6. Using the fact that the sum of the lengths of two sides of a triangle is

greater than or equal to the length of the third side, we have

or

121

- 221 + 1z21 > 1z11 and Izi - z21 + 1z11

2
1z11 - 1z21 and 121 - z21 1z21 - 1z11

From this we conclude

Izi - z21 lizi! 1z211

The triangle with vertices 0, 1, z

is shown in the figure at the right.

The lengths of the sides of the tri-

angle are 1, 1z11 lz - 11.

If we multiply each of these lengths

by 121, we obtain 1z1. 1, 121.1z1,

1z1.1z - 11 . 1z
2

- z1. These are

the lengths of the sides of a tri-
o

angle whose vertices are 0, z, z"

as the second figure clearly shows.

The two triangles are similar because corresponding sides are proportional.

To obtain a geometric construction for z
2
, one must choose a unit of

length on the x-axis, draw a triangle with vertices Op lp z, and then

construct a second triangle simdlar to the first one by making each side

of the second triangle 1z1 times as long as the sides of the first.

The vertex of the second triangle which corresponds to z of the first

triangle is z
2
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5-2. Complex Conjugates

This section is concerned with those aspects of the complex conjugate

Which involve absolute value. A few preliminary remarks are made about the

conjugate of a complex nuMber. It is assumed that the student will have had

some other experience with conjugates.

The introduction of the notion of complex conjugates has several impor-

tant consequences. It makes possible the simplification of computations in-

volving absolute values and multiplicative inverses; the algebraic representa-

tion of the geometric operation of reflection in a line; the algebraic formu-

lation and manipulation of statements involving the real and imaginary parts

of the complex nuMber; the algebraic representation of geometric relations in

terms of complex nutbers.

Ansvers to Problem Set 5-2

1. -(2 - 3i) . -2 4- 31

(2 - 3i) . 2 +'3i

12 - 3i1 . + 9 = 1/17

12 - 3i1 12 + 3i1 .

1

2 - 31 1

2

2 - 31 2 + 31 2
+

13
3

13
- 3112

13

12 -3i12 = (A77 ). 13

1(2 - 3021 . 12 - 3i12 = 13
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3. (a) circle of radius 3 with center at (210)

(b) set of points exterior to circle of radius 3 with center at (-2,0).

(c) set of points interior to circle of radius 4 with center at (0,2).

(d) set of points interior to, or on, circle of radius with center at
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4, Ix + yi - (2 +

1(x - 2) + (y -

1Fx - 2)2 + (y

2)2 + (y

301 = 5

3)11 = 5

- 3) - 5

3)2

x
F

y
2

- 4x - 6y - 12 . 0

The set of points satisfying the given equation is the circle of radius
5. with center at (2,3).

Since
y2 x2 y2 x2,

Hence, 1X2 + y2 > This gives

Ix + iy1 > 1x1 > xy therefore, 121 > x,

6.

2171 272 '1122 2112

12112 12212

121 z2I2 - (2.1 22)(21 22)
(21 4- z2)(Z,1

2111
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-2122 21z2
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Thus, )21 -
z2I2 2212 212112 4.212212.

7. It is sufficient to show that
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8. (a) The distance from the origin of 21 is less than that of z
2

,

(b) 2 is cn the circle of radius 5 with center at the origin,

9. If z x + yi the stated conditions become x y, AFT-7 = 1

the solutions of this pair of equations are x y and
/

x = -
1
-$ Y =

1
The solutions of the prdblem are, therefore,

If ig
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10, The point z belongs to the set if and only if 1z - z0 < z 1

0

that is, if and only if the distance from z to 10 is less than the

distance from z to z0 This will be true if and only if the point

z lies on the same side as 10 of the perpendicular bisector of the

line segment joining z0 and This perpendicular bisector is the

x-axis. Thus the set is the set of all points z Which lie on the same

side of the x-axis as This can also be established by calculation,

11. The proposition is true provided x and y are real. In this event ve

have

Ixl + hi < 1/2 IzI if and only if

ly02 21z12

1z12 x2 y2Now and we he-re 1)(12 + 21x11y1 + Iy12 < 21x12 + 2Iy12

1 12 1 ily! 2 2this reduces to 0 < Ix! 21x1 or 0 < (Ix1 - Iy1) which

is true because the square of any real number is non-negative. Q.E.D.

The proposition is not true for all complex values of x and y as the

following counter example will show.

Let x 8 + 21 and y = -1 + 4i, then Ix! = J8 = 2,17 and

Iy1 Ir7

lxi IY1 = 3117

z x + yi (8 + 21) + i(-1 + 4i) = 4 + i. so Izi = /f7. It is

false that ieT A-7 > 3f7, hence in this case lx1 + 1y1 is not equal

to or less than 4 Iz1,
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